Abstract-This paper analyses the stability and control of a rotary transformer-based field excitation system. Rotary transformers enable wireless and contactless power transfer to rotating components of a system such as the rotor of a wound field synchronous motor. Their use in the field excitation of synchronous motor for electric vehicle and similar applications overcomes the disadvantages associated with the traditional slip rings-brushes arrangement such as frequent maintenance requirement, significant friction losses at high speed, contact cooling issues, increased overall motor weight and size and reduced reliability and life. The rotary transformer studied in this paper is series-series compensated with the transmitter coil supplied from a single-phase inverter, and the receiver coil connected to a full bridge diode rectifier that feeds the rotor field winding. Harmonic balance technique is used to obtain a complex variable dynamic model of the system. Using this model and the concept of the bimatrix, the controllability and observability of the rotary transformer is analyzed for different output variables. The controllability and observability matrices are not of full rank indicating the existence of states which are unaffected by the control input. The concept of zero dynamics of the system is used to determine these states and the condition for the stability of the zero dynamics is determined.
I. INTRODUCTION
The rotary transformer is conceptually an inductive wireless power transfer (IWPT) system with one-half of its electrical circuit free to rotate with respect to the other half [1, 2] . Recently, rotary transformers have been gaining attention for rotor winding excitation of electric motor for electric vehicle (EV) and similar applications [3, 4] . This increasing attention is due to several advantages that the rotary transformer-based field excitation system has over the traditional slip ring brushes arrangement for wound rotor synchronous motors. Some of these advantages include: the rotary transformer has no physical contact and hence eliminates the need for constant maintenance resulting from wear and tear because of friction, it can operate in harsh environments, it doesn't require as much extra compartment or extra torque for its operation. Fig. 1(a) illustrates a concept of integration of the rotary transformer-based field excitation system into a wound rotor synchronous motor (WRSM). This paper considers a novel rotary transformer featuring interleaved primary and secondary windings and a large magnetic airgap -presented in Fig. 1 (b) -that can take advantage of resonant compensation circuits [2] . Although the rotary transformer has reduced leakage inductance compared to other applications of inductive wireless power transfer (e.g. EV battery charging), the need to push the limits in system performance for electric vehicle application (enhanced efficiency, reduced size, better dynamic response) has necessitated a consideration of compensation circuits for the rotary transformer. Of the possible compensation circuits including the series-series, series-parallel, parallel-series, parallel-parallel and other higher order compensation circuits, the series-series compensation is preferred because of its simplicity. Moreover, the series-series compensation has a high part load efficiency and is the better choice where there is no concern about no-load voltage regulation [5] as in the case of the field excitation of the synchronous motor. Therefore, the series-series is the compensation method of choice for the rotary transformer studied in this paper. The detailed circuit diagram of the field excitation system incorporating the rotary transformer is shown in Fig. 2(a) with the equivalent circuit representation shown in Fig. 2(b) . It consists of a single-phase inverter supplied from a dc source to provide power for the primary coil of the rotary transformer, series-series compensating capacitors, a full bridge diode rectifier to which the receiver coil is connected. The output of the rectifier is connected to the field winding of the synchronous motor. The high non-linearity of the system of Fig. 2 makes the development of a dynamic model of the system very difficult. Even when such dynamic model is derived, it becomes even more difficult to determine an equilibrium point for the system from which steady state values can be determined. Most times, steady state model of this kind of systems are obtained by directly involving several assumptions [6, 7, 8] . However, to enable studies of the inherent characteristics of the system, it is necessary to develop a dynamic model of the system from which an equilibrium point of operation can be determined. In this paper, the harmonic balance technique [9] is used to derive a dynamic model of the system. As the harmonic balance technique establishes the dynamic relationships between the phasor values of system variables, at the equilibrium point of This manuscript has been authored by UT-Battelle, LLC under Contract No. DE-AC05-00OR22725 with the U.S. Department of Energy. The United States Government retains and the publisher, by accepting the article for publication, acknowledges that the United States Government retains a non-exclusive, paid-up, irrevocable, worldwide license to publish or reproduce the published form of this manuscript, or allow others to do so, for United States Government purposes. The Department of Energy will provide public access to these results of federally sponsored research in accordance with the DOE Public Access Plan (http://energy.gov/downloads/doe-public-access-plan).
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operation, the time derivative of these phasor values can be set to zero (they are constant at the equilibrium point of operation). This enables the calculation of the peak values of system variables at equilibrium. Furthermore, the state matrix and input matrix of the system for small signal analysis are determined by linearization. For various choices of output variables, the observation matrix is also determined. The very well know concepts of controllability, observability and stability is then applied using these matrices to check the controllability, observability and stability of the field excitation system. It is shown for different controlled output variables, that the field excitation system consists of certain internal dynamics which are unaffected by the control input variable. The internal dynamics for various choice of the output variables have been determined and by the concept of the zero dynamics the conditions necessary for the stability of the field excitation system is established. The zero dynamics are really the internal dynamics of the system when the control input variable is such that the controlled output variable is forced to a zero value [10] . As the harmonic balance technique used for modeling results in a complex variable dynamic model of the system, the concept of the bimatrix [11] is used for the controllability and observability.
There are several control schemes and methodologies that have been applied to the IWPT systems [12, 13, 14] . All these control schemes assume the stability of the system, without stating or showing why the system should be stable. The work presented in this paper has systematically revealed the stability conditions in the IWPT system particularly the rotary transformer based IWPT for different choices of controlled output variables.
II. SYSTEM MODELING AND ANALYSIS
In this section, the mathematical model of the studied system shown in Fig. 2 is presented. The system in Fig. 2 (a) can be represented as the equivalent system in Fig. 2(b) , where the inverter is replaced by an ac voltage source and the ridge rectifier field winding arrangement is replaced by an equivalent load. The transmitter and receiver coils have also been replaced by the equivalent T-circuit model. The application of the harmonic balance technique and subsequent determination of the steady state solutions is also provided in this section.
A. Harmonic Balance Technique
In general, many circuits operate in sinusoidal steady state mode. For these circuits, the harmonic balance technique is a very efficient analysis tool. Also, if the response of a linear time-invariant circuit to sinusoidal input of any frequency is known, then effectively, its response to any signal can be calculated.
For the analysis of linear time-invariant circuits in sinusoidal steady state, the uniqueness theorem, linearity theorem and differentiation rule theorem make possible the application of the harmonic balance technique [9] . The three theorems state as follows 
B. Rectifier and Machine Winding Equivalent Model
To represent the rectifier field winding arrangement as an equivalent resistance [5] , the voltage input into the rectifier is assumed to be sinusoidal while the current input into the rectifier is a square wave (since the field winding current is assumed to be constant) with a peak value which is equal to the field winding current value, . The average component of the field winding voltage is used for the determination of the equivalent resistance of the rectifier field winding arrangement and the second harmonic component has been neglected. Note that the inductance of the field winding of the machine is quite large so that the change in field current is small and the voltage drop across the inductance of the machine field winding has been neglected.
Hence, = and , = √
Now for a square wave, the rms fundamental component of the current is given by:
, is the voltage at the input of the rectifier with a peak value of . is the average voltage across the field winding of the machine. is the field winding current and is the determined equivalent resistance.
C. System Dynamic Model
The dynamic model of the field excitation system in which the rectifier field winding arrangement has been replace by the equivalent resistance as shown in Fig. 2(b) is given by (5) to (8) . Note: = / Fig. 3 shows a typical output voltage of the single-phase inverter where is the phase shift angle between the legs of the inverter. Fig. 4 shows a comparison of the simulation results of the studied system using the mathematical model of (5) to (8) and that obtained using PLECs software. These two results show the variables are essentially composed of the fundamental component. Hence the following definition is made:
D. Steady State Model
Where is the phasor of the peak value of , is the phasor of the peak value of , is the phasor of the peak value of , is the phasor of the peak value of . Also,
Substituting (10) and (11) 
E. The Concept of Bimatrix
The bimatrix, is a linear mapping over the field of real numbers [11] . Complex-valued linear systems are shown to be a generalization of the normal real-valued linear systems. In fact, any real-value normal linear system can be equivalently written as the complex-valued linear system whose dimension is half the dimension of the original system. The general representation of the complex valued linear system is of the form: 
Hence, (16) can be written as:
The matrix has several important properties which can be found in reference [10] . There are two representations of the linear mapping (17). They are the real representation and the complex lifting system represented as (19) and (20) respectively:
Where,
{ , } ⊳ = * * Where, = , ,
The real representation as well as the complex lifting system both have a dimension of 2 . In the next sections, the controllability, observability and stability of the field excitation system will be analyzed using the real representation of the system of (12) to (14) .
III. STABILITY ANALYSIS

A. Controllability and Observability
As noted, the secondary side (rectifier side) the rotary transformer circuit is rotating (Fig.2) . Therefore, it is difficult to have measurement access to the secondary side variables i.e. the secondary current and the secondary capacitor voltage for the purpose of control. In fact, the regulation of the flux generated by the field winding could easily have been achieved by regulating the secondary current. In the absence of any access to the secondary current however, the available option is the indirect control of the flux via the primary side state variables. The possibilities are the primary current, the primary capacitor voltage or a combination of the two. Hence, the small signal representation of the field excitation system is given as: is the phase shift angle at the equilibrium point. Setting = 0 where = in (12) to (15) will result in four equations with five unknowns. Hence an additional equation is needed to solve (12) to (15). The parameters of the field excitation system are given in Table I . For the field winding resistance of = 25Ω, a load power of = 10 results in the desired field winding flux. To solve the system of equation (12) to (15), is varied from 0 to 180 and the value of that results in an output power of = 10 is determined. Fig. 5 shows the result of this analysis. In Fig. 5 , the output power raises to maximum value of about 70kW at = 180 which is well beyond the desired operating region and indeed beyond the design capacitor of the field excitation system. With the value of determined, elements of the matrix B are also determined. From Fig. 5 , for the parameters of the system shown in Table I , for an output power of = 10 , = 45.7 The system of (12) to (15) is controllable (observable) if the real representation of (19) is controllable (observable). If is the controllability matrix and is the observability matrix, the following must hold for the system to be both controllable and observable. Applying these equations, (note that 2 = 8) the following results were obtained for the controllability and observability verification.
= 6 = 6
Both for = and = . The eigenvalues for the matrix Ω are the conjugate pair Hence, there are states within the system that are not influenced by the control input and state that cannot be observed, the system under study with parameters given in Table I is however stable. The stability condition is not guaranteed. It depends on the design of the rotary transformer-based field excitation system. The condition necessary for the stability of the system despite the presence of internal dynamics is investigated next using the zero dynamics of the system.
B. Stability of Zero Dynamics
The zero dynamics are the internal dynamics of the system when the input variable is such that the controlled output variable is forced to have a value of zero. It is understood that if the zero dynamics are stable for a given output variable, then the internal dynamics of the system for the same output variable is also stable. In this section the stability of the zero dynamics of the field excitation system is studied for the cases when the output variable is the primary current, the primary capacitor voltage and for when it is a combination of the two. For a given output variable, the number of internal dynamics is known by the difference between the order of the system, and the relative stability . The relative stability is determined by order of the derivative of the output variable necessary for the control input variable to appear in its equation. For example, for the field excitation system under study, = 4. For the case where the output is the primary current,
The input variable ( ) appears in this case after the first derivative of the output hence = 1 internal dynamics − = 3 Setting = 0, Apart from the fact that the analysis is complicated by this combination as evident in , actual physical implementation will require measuring the two variables and hence more sensors. Moreover, like the case of = it has a relative degree or just = 1 which means that even though more measurement is involved, no advantage is gained in terms of lowering the number of internal dynamics which could cause possible instabilities. Hence, this output has not been considered, and the analysis has focused rather on the case of = and = . Note that has a real part of zero and hence stable. = and = . Therefore, for the stability of the field excitation system in either the case of = or = the condition given in (30) must be met. From (31) the operating boundary is given as:
Recall, = + .
Assuming,
For a given rotary transformer with secondary selfinductance , (34) gives the minimum possible value of the field winding resistance for the excitation system to be stable. Given that (34) is true, (31) can be separated into
Again if (34) is true, (35) is always true and from (36) we obtain,
Since (37) is always true, if (34) holds, the stability of the zero dynamics is independent of the field winding resistance for = and for = . So even though some internal dynamics are present, these internal dynamics are stable irrespective of changes in the field winding resistance as long as (34) remains true. When this condition is met, Fig. 6 shows the sensitivity of the secondary current to changes in the load and inverter phase shift angle. Fig. 6 confirms that the secondary current is insensitive to changes in the field winding resistance (due to temperature for example) for a wide range of phase shift angle.
Violating the stability condition of (34) results in oscillations in the primary and secondary currents of the field excitation system. Fig. 7 shows the primary and secondary current when = while Fig. 8 shows the same variables when < . As shown in Fig.6 , the secondary current is insensitive to changes in the field winding resistance. As the objective of the field excitation system is to maintain a constant field winding flux irrespective of the changes in the field winding resistance, and as this flux is directly proportional to the secondary current, one is confident that once the phase shift angle is determined for a given field winding flux, this flux is maintained irrespective of changes in field winding resistance from temperature variation. Another system parameter which can change with the operating conditions is the capacitance of the compensating capacitor. The important thing to consider about the change in the value of the capacitance of the compensating capacitor is that it changes the resonance frequency according to (38) . With the change in resonance frequency, the power transmission capability and efficiency can be reduced.
The objective of the control therefore is to compensate for changes in resonance frequency because of changes in the primary capacitor capacitance value. Inductively coupled wireless power transfer systems are known to possess their highest efficiency and power transfer capability when the system operates at the resonance frequency given in (38). Hence, the control should dynamically change the switching frequency to achieve best efficiency operating condition. In the regular wireless power transfer system applied to battery charging for instance, the secondary variables are measured for control, via, in some cases, a dedicated short-range communication link (DSRC). Unlike these systems, the field excitation system provides no access to the secondary variables and therefore calculating efficiency, output power to compensate for changes in resonance frequency because of changes in capacitor becomes difficult. The variables available for control are the input voltage, input current and primary capacitor voltage, by sensing the input voltage and input current, the input impedance can be determined. It is known, that at resonance, the imaginary part of the input impedance is zero, hence adjusting the switching frequency such that the imaginary part of the measured input impedance is zero will achieve the best operating condition in terms of efficiency. 
V. CONCLUSION
A detailed structural study of a rotary transformer based synchronous machine field excitation system has been presented. The study employs the harmonic balance technique in combination with the concept of the bimatrix and non-linear control principles. Using the eigenvalues of the zero dynamics, the inherent characteristics of the system that is necessary for stability is established. The system is shown to be stable if the field winding resistance is greater than the product of some gain factor from the full bridge rectifier and the inductive reactance of the receiver coil at the frequency of operation. The open-loop stability of the field excitation system -even under a wide variation of field winding resistance due to temperature -was confirmed when the above condition of stability is verified. With a stability criterion that is very robust, various control schemes can be attempted without the concern of causing instability.
